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Abstract
A continuummodel that describes a disordered, heterogeneous traﬃc stream is presented. Such systems are widely
prevalent in developing countries where classical traﬃc models cannot be readily applied. The characteristics of such
systems are unique since drivers of smaller vehicles exploit their maneuverability to move ahead through lateral gaps
at lower speeds. At higher speeds, larger vehicles press their advantage of greater motive power. The traﬃc stream at
the microscopic level is disordered and deﬁnes a porous medium. Each vehicle is considered to move through a series
of pores deﬁned by other vehicles. A speed-density relationship that explicitly considers the pore space distribution is
presented. This captures the considerable dynamics between vehicle classes that are overlooked when all classes are
converted to a reference class (usually Passenger Car Equivalents) as is traditionally done. Using a ﬁnite diﬀerence
approximation scheme, traﬃc evolution for a two-class traﬃc stream is shown.
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1. Setting
A continuum model that describes a disordered, heterogeneous traﬃc stream is presented. A disordered traﬃc
system is one where lanes are not demarcated or lane discipline is not observed (Figure 1(a)). Such systems are widely
prevalent in developing countries, where classical traﬃc models cannot be readily applied. An essential feature of such
traﬃc systems is that drivers of smaller vehicles exploit their maneuverability to move ahead through lateral gaps at
lower speeds. At higher speeds, larger vehicles press their advantage of greater motive power. The phenomenon is
most visible in heterogeneous queues without lanes, where smaller vehicles ‘percolate’ to the front [1].
This work is motivated by the shortcomings of applying classical traﬃc ﬂow theory to disordered systems. Ve-
hicles in such systems have not one but several leaders. Traditional state descriptors of vehicular traﬃc ﬂow and
density, deﬁned as linear measures and dependent only on headways, are insuﬃcient when a vehicle has multiple
leaders. Linear state variables have been used to measure heterogeneous traﬃc (e.g. [2, 3]) leading to artifacts such
as zero time headways. Several works in the literature address heterogeneous traﬃc systems, though the problem of
non-lane based ﬂow has received limited attention. Khan and Maini [4] provide an overview of heterogeneous traﬃc
∗Corresponding author. Tel.: +1-847-491-2276 ; fax: +1-847-491-3090
Email addresses: rahul@umd.edu (Rahul Nair), masmah@northwestern.edu (Hani S. Mahmassani), elisemh@umd.edu (Elise
Miller-Hooks)
Open access under CC BY-NC-ND license.
612  Rahul Nair et al. / Procedia Social and Behavioral Sciences 17 (2011) 611–627
(a) Lane-based and non-lane-based traﬃc (b) Vehicles deﬁne porous space with varying pore
sizes where each vehicle travels through a series of
pores that are ‘large enough’
Figure 1: Traﬃc system as a porous medium
models and studies. They argue against using a relationship between headway and linear density (such as vehicles per
kilometer). They also recommend the use of areal density to account for lateral movements. Areal density, borrowed
from bicycle traﬃc literature, is deﬁned by the sum of total area projected by vehicles on the ground per unit area of
roadway (vehicles per square meter). The speed of slow-moving vehicles is shown to increase with increase in areal
density, demonstrating the advantage of maneuverability. Arasan and Koshy [5] employ a microscopic simulation
where vehicles do not follow lane discipline but still have a single leader.
Several works have addressed the problem of lane-based heterogeneous traﬃc ﬂow. Hoogendoorn and Bovy [6]
propose mesoscopic gas-kinetic models for heterogeneous traﬃc with multiple lanes termed the multi-lane multi-
class phase-space density (MLMC PSD) model. They capture interactions between a fast moving vehicle catching
up with a slower vehicle and consider an immediate lane change with probability π. They add two interaction terms,
passive when viewed from the perspective of the impeding vehicle, and active when viewed from the perspective of
the impeded vehicle. The phase-space density (ρ ju(x, v, vo, t)) was deﬁned for each user class u, at lane j, at instant t,
driving at velocity v, and aiming for velocity vo. Logghe et al. [7] and Logghe et al. [8] extend the Lighthill-Whitham-
Richard (LWR) theory to multi-class ﬂows. They deﬁne state variables for each user class. Flow and concentration
are considered to be additive across classes and the equilibrium density is considered to be a function of all classes.
The vehicle composition along a trajectory is shown to be a constant.
In addition to vehicle classes, continuum models that distinguish between diﬀerent users in a variety of contexts
have also been proposed. Daganzo [9, 10] considers the case where a certain fraction of the traﬃc lanes are reserved
for priority vehicles. Using equilibrium concepts as they pertain to speed of diﬀering streams, the entire roadway
functions as a single pipe (with equal speeds for both types of lanes), or as two pipes with diﬀerent traﬃc charac-
teristics. Multi-commodity traﬃc models distinguish between vehicles that have diﬀerent origins and destinations
and model traﬃc at the network level [11, 12, 13, 14]. Viewing the system from the perspective of driver behavior,
Daganzo [15] demonstrates how modeling two types of drivers captures several observed traﬃc phenomena. While
the diversity of vehicle classes, travel facilities, and user behavior have been studied, the case of disordered systems
having heterogeneous traﬃc conditions and the resulting dynamic interactions have not been considered.
Classical deﬁnitions of state variables are problematic in the context of traﬃc in developing countries for the
following reasons. First, heterogeneity of vehicles is most commonly tackled using Passenger Car Equivalents (PCEs).
Flow (in PCE/hr) is not an adequate descriptor of the state of the system. PCE factors, used to make ﬂow additive
across various vehicle classes (qtot =
∑
PCEiqi), have been found to be functions of speed of the traﬃc stream in
addition to vehicle-class characteristics [16, 5]. Second, the use of PCEs makes the state descriptors for diﬀerent
classes consistent by altering the basic unit of measurement to a representative class. This entails a loss of ﬁdelity,
since the dynamics between vehicle classes is not considered. Third, linear measures of density, dependent only on
headway, are insuﬃcient when vehicles have multiple leaders in the stream as is the case in disordered traﬃc streams.
Fourth, vehicle classes in a heterogeneous traﬃc stream have been observed to have a wide variation of speeds [17].
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For example, at high concentrations, slow moving vehicles hinder ﬂow of all classes [18]. These wide variations in
traﬃc cannot be adequately captured using models intended for homogeneous streams.
The approach developed in this paper is based on the spirit of the work by Logghe et al. [7, 8], where each vehicle
class is assumed to have an independent fundamental diagram. The traﬃc state variables for each stream are deﬁned
separately. The equilibrium speed-density relationship is determined by using available empty spaces as opposed to
the densities. This circumvents the use of PCEs and allows for the signiﬁcant lateral ﬂows that are observed. Though
for a inﬁnitesimal section of roadway the macroscopic traﬃc state variables for a particular class are considered to be
constant, the microscopic structure of the traﬃc stream is disordered. The vehicles on a roadway deﬁne a network of
spaces (or pores). Vehicles are assumed to traverse a series of pores as they travel. Smaller vehicles can use pores that
larger vehicles cannot. In essence, each vehicle class ‘sees’ a diﬀerent network of pores. This size-exclusion principle
mirrors observable phenomenon in heterogeneous traﬃc ﬂow [1, 19].
This paper makes the following contributions to the limited literature on traﬃc ﬂow theory for the kind of disor-
dered traﬃc systems encountered in developing cities of the world. By viewing the system as granular ﬂow through
a porous medium, the LWR theory is extended to heterogeneous and disordered ﬂow using a new equilibrium speed-
density relationship. A ﬁnite diﬀerence scheme is used to show the evolution of traﬃc under two loading proﬁles
to represent normal traﬃc and queuing behavior. The model captures the ‘creeping’ phenomena that is observable
in heterogeneous queues, where smaller vehicles percolate to the front of the queue. A more accurate description of
observable phenomenon in disordered systems serves to improve transportation systems in developing countries. A
traﬃc model that closely replicates driver behavior in these systems could be employed to choose between competing
infrastructure designs, evaluate the eﬃcacy of traﬃc controls, derive better estimates of level-of-service and facility
capacity, and quantify congestion costs.
The paper is organized as follows. The next section presents the preliminaries followed by the model description
in Section 3. Section 4 presents a ﬁnite diﬀerence approximation scheme and Section 5 presents analysis of traﬃc
evolution for various loading proﬁles.
2. Preliminaries
Three aspects typically deﬁne a continuum model: (a) deﬁnition of state variables (k, q and u), (b) the continuity
equation, and (c) equations of state (the fundamental identity and a speed-density relation).
Traﬃc density measures that are based on linear spacing, such as headways, do not adequately describe disordered
systems. A vehicle can have several leaders (or followers) rendering headways of little value. An areal density measure
that considers vehicular concentration per unit area is more suited for such systems. With heterogeneous ﬂow, each
vehicle class v has an associated areal density k(v, x, t) in space x and time t. This quantity is measured in vehicles per
square meter for the remainder of this paper. The traﬃc ﬂow variable q(v, x, t) is consequently measured in vehicles
per second for a unit cross-section of the roadway. Each vehicle class is assumed to travel at a speed u(v, x, t) that is
class-speciﬁc. The system is described by a set of state variables k, q and u for each vehicle class.
All vehicles in the traﬃc stream deﬁne a network of spaces (Figure 1(b)). The network is disordered, since
drivers do not follow lane discipline. Each vehicle class views this network of spaces as an opportunity to progress
downstream. However, a given space is only viable if it is ‘large’ enough to accommodate a vehicle of class v. Each
vehicle class therefore has an associated critical pore size r(v) that is the minimum traversable pore width. Large pores
admit all vehicles and small ones exclude large vehicles while permitting smaller vehicles to pass. Pore sizes shrink
when vehicle concentrations are high as the vehicles are closer to each other. This leads to fewer traversable pores
for all vehicle classes, though smaller vehicles may still be presented with some probability of ﬁnding an acceptable
pore to travel through. The pockets of spaces within the traﬃc stream are deﬁned by vehicles of all classes. The
problems associated with combining densities from various constituent classes can be alleviated if the traﬃc mixture
can be characterized solely based on the available pore space distribution. This is the central aim and contribution of
the paper.
Now assume the perspective of a vehicle class v facing a pore space distribution downstream. Depending on the
critical pore size for the vehicle class r(v), a certain fraction of vehicles will ﬁnd pores large enough to accommodate
them. Vehicles facing pores of size smaller than the critical pore size are impeded by vehicles ahead of them. Akin
to Herman and Prigogine’s two-ﬂuid model [20], the traﬃc stream for each vehicle class consists of two mutually
614  Rahul Nair et al. / Procedia Social and Behavioral Sciences 17 (2011) 611–627
exclusive sets. Free vehicles refer to vehicles that have found suﬃciently large pores. Restrained vehicles refer to
vehicles that are impeded due to lack of adequate pore spaces. The proportion of the vehicles in each set varies
over time. When one views a traﬃc stream as composed of micro-platoons, free and restrained vehicles can also
be thought of as leaders and followers. Leaders (free vehicles) become followers (restrained) when impeded by
other vehicles. At low concentrations, most vehicles are free (or leading), since there are many large pores available.
At high concentrations however a larger fraction of vehicles (of a particular class) are restrained. An important
notion is that the actual fraction of restrained vehicles would depend on the speciﬁc class. For example, for a given
high concentration, the fraction of restrained bicycles would be less than the fraction of restrained trucks since the
critical pore size for bicycles is much smaller than that for trucks. Essentially, each vehicle class perceives the same
concentration diﬀerently. The speed distribution of each vehicle class is governed by the overall availability of pore
spaces and vehicular characteristics.
Conceptually, each class of vehicles is modeled quasi-independently, with interaction between classes represented
through the pore space distribution. By quantifying gaps in traﬃc, the pore space distribution converts a vector of
incommensurate vehicular densities to a single distribution. With these ideas, the governing equations are derived
next.
3. Model Development
Assume a traﬃc stream with n vehicle classes (indexed by v, v = 1, . . . , n). In addition to the traﬃc state variables
for ﬂow (q(v, x, t)), density (k(v, x, t)), and speed (u(v, x, t)), deﬁne a pore space distribution with probability density
function fp(rp, x, t), where rp is the pore size, with
fp(rp, x, t) ≥ 0 and
∞∫
0
fp(rp, x, t) drp = 1. (1)
fp(rp, x, t) drp denotes the fraction of pores within size rp and rp + drp. At a particular time t and space x the state
variables q, k and u are class-speciﬁc, though the distribution of pores at x and t is deﬁned by a single pore space
density function. Generally speaking, the pore space distribution is dependent on the traﬃc density and composition.
The mass balance equation is written for each vehicle class as in Logghe [7],
∂q(v, x, t)
∂x
+
∂k(v, x, t)
∂t
= 0 v = 1, . . . , n, (2)
and the fundamental identity applies to each vehicle class independently, as well.
q(v, x, t) = k(v, x, t)u(v, x, t) v = 1, . . . , n. (3)
Let K(x, t) = [k(1, x, t), k(2, x, t), . . . , k(n, x, t)] denote the vector of densities for all vehicle classes. The equilib-
rium speed density relationship for a particular class depends on the total vehicle densities, u(v, x, t) = fe(K(x, t)).
Starting with the continuity equation for a single class, the LWR framework can be derived as a set of partial diﬀeren-
tial equations (PDEs).
∂k(v, x, t) fe(K(x, t))
∂x
+
∂k(v, x, t)
∂t
= 0 v = 1, . . . , n (4)
The constituent vehicle classes interact only through the equilibrium speed-density relationship that is derived
next. To account for the signiﬁcant lateral movement, the traﬃc stream for each vehicle class is considered to have
two substreams of free and restrained vehicles (see Section 2). The overall speed of the vehicle class is the space mean
speed of the two substreams. The speed of free vehicles is assumed to be greater than or equal to that of restrained
vehicles. For the restricted substream, we have
ur(v, x, t) = uf (v)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝1 −
r(v)∫
0
fp(rp, x, t)drp
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
αr
v = 1, . . . , n (5)
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and for the free substream we have
u f (v, x, t) = uf (v)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝1 −
r(v)∫
0
fp(rp, x, t)drp
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
α f
v = 1, . . . , n, (6)
where, αr ≥ α f and u f (v) is the free ﬂow speed of class v. The space mean speed of the vehicle class v can be
computed as the weighted average of these two streams. A vehicle is restricted when it has no available pore space
to reach a target speed. Therefore, the proportion of vehicles that are restricted is directly related to the pore space
distribution.
u(v, x, t) = ur(v, x, t)
r(v)∫
0
fp(rp, x, t)drp + u f (v, x, t)
∞∫
r(v)
fp(rp, x, t)drp v = 1, . . . , n. (7)
The role of the pore space distribution is to map the incommensurate densities of constituent classes to a common
lattice of pores. The diﬀerent classes respond to this pore space distribution diﬀerently using the size exclusion
mechanism modeled by the critical pore space r(v). The use of two speed-density relations for a single class is to
account for the ﬂow of vehicles through pores. When αr = α f = 1, this equation reduces to
u(v, x, t) = uf (v)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝1 −
r(v)∫
0
fp(rp, x, t)drp
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ v = 1, . . . , n, (8)
which has a similar structure to the well known Greenshields’ type speed-density equation. The integral in Eq. 8
represents the proportion of pore spaces inaccessible by vehicle class v and can be related to a standard density
measure. In congested conditions, opportunities to progress downstream are limited. The resulting pore sizes are
small and inaccessible. Therefore,
∫ r(v)
0 fp(rp, x, t)drp → 1 and the speed u → 0. On the other hand, at free ﬂow
conditions most pores are accessible and the traﬃc moves at free ﬂow speed u f .
3.1. Two Simple Cases
To clarify presented ideas and to demonstrate how the porous ﬂow model generalizes known traﬃc relationships,
consider a vehicle stream with a single class v1. For this simpliﬁed case, the pore space distribution is expressed
analytically as a function of density k. In practice, observations of pore space evolution for a range of densities may
help in specifying the exact mapping function. The pore space distribution for disordered systems can be considered to
be equivalent to the space headway distribution in lane-based traﬃc which has been studied extensively. For disordered
systems there is some evidence of headway distributions [2, 5] being exponentially distributed. By stating that the
pore distribution is analytically expressed, an implicit assumption is made that a given density uniquely determines the
pore distribution and that it is stationary. Two simple pore space distributions, the uniform and negative exponential,
are parameterized by areal density and the resulting hyperbolic PDE solved using the method of characteristics.
(a) Negative Exponential (b) Uniform
Figure 2: Two Pore Distributions
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3.1.1. Negative Exponential Pore Distribution
Figure 2(a) shows cumulative pore distribution for two densities k1 and k2, with k1 < k2 as they are assumed to be
negative exponentially distributed with mean λ(k), a function of density. Let γ(k) represent the fraction of inaccessible
pore spaces for a given density k. Therefore,
γ(k) =
r(v1)∫
0
fp(rp, x, t)drp = F(r(v1)) = 1 − e−λ(k)r(v1). (9)
The speed-density relationship in Eq. (8), which assumes αr = α f = 1, therefore, reduces to
u = uf e−λ(k)r(v1). (10)
The resulting hyperbolic PDE can be solved analytically by determining the characteristics [21]. On a time-space
diagram, the characteristic is expressed by the line x = dq/dkt + μ, where μ is some constant. With a negative
exponential pore distribution for any density k, the characteristics therefore have a slope
dq
dk
= e−λ(k)r(v1)
(
u f − kλ(k)r(v1)dλ(k)dk
)
. (11)
3.1.2. Uniform Pore Distribution
For the second example, assume the pore spaces are distributed uniformly in the interval [0, r(k)], where r(k) is
the maximum pore size for a given areal density k (see Figure 2(b)). As in the negative exponential case, the fraction
of inaccessible pores for a given k can be expressed as
γ(k) =
r(v1)∫
0
fp(rp, x, t)drp = F(r(v1)) =
r(v1)
r(k)
. (12)
The speed-density relationship is therefore
u = u f
(
1 − r(v1)
r(k)
)
. (13)
The speciﬁcation of r(k) determines the form of the u–k relationship and the characteristic solution. For example,
if r(k) = λe−ck, then the slope of characteristics in the solution can be analytically determined.
While only a single class is considered in these two examples, the implication of exact analytical solutions for
simple expressions of pore space distributions is important. If examination of ﬁeld data suggests that pore spaces in
disordered systems can be expressed analytically as a function of areal density and vehicle class composition, then
procedures to generate the microscopic structure of vehicles, as shown in Section 4.1, are not needed and the modiﬁed
speed-density relationships, like the ones shown in Eqs. (10) and (13) can be employed.
Care must be taken in specifying the map of areal density K(x, t) to pore distribution, if an analytical solution is
desired. The u–k relationship is sensitive to this speciﬁcation. As an extreme example, take the case of traﬃc where
vehicles deﬁne a micro structure that is uniform such that all pore sizes are equal to r(k). Two cases occur:
Case 1: r(v) ≤ r(k), all pores are accessible, u(v) = u f (v),
Case 2: r(v) > r(k), no accessible pores, u(v) = 0.
Thus, the traﬃc stream strictly follows a two-ﬂow regime of either free ﬂow or jammed condition. The introduction of
phase transitions in this case is problematic and requires additional criteria besides the entropy condition to determine
the weak solution to the system [22]. However, the two examples presented in this section motivate the quest for
distributions that describe the ‘negative’ space in traﬃc streams. Ideally, this distribution can be computed for various
values of densities and composition from the ﬁeld using aerial photographs or detailed trajectory data.
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4. Finite Diﬀerence Approximation
A numerical scheme to solve the system of PDEs is presented in this section. A numerical solution involves
discretized time and space domains where the state variables are assumed to be homogeneous within a cell. Most
existing methods, such as the cell transmission model [23], essentially employ a ‘ﬁrst-order’ Gudunov scheme and
determine appropriate traﬃc ﬂows between two cell boundaries [24]. For the current application, however, two factors
preclude the direct application of existing methods. First, the pore space distribution is not known, since it depends
on the microscopic properties of the traﬃc stream. Second, the model has a set of n nonlinear partial diﬀerential
equations, one for each vehicle class, that have to be solved jointly, since the equilibrium speed-density relation
depends on K(x, t). Methods to overcome these two issues are presented next.
4.1. Pore Space Distribution
Given a vector of input densities, the simulation involves positioning the vehicles randomly along a two dimen-
sional ﬁnite space. A feasible random conﬁguration is one where all required vehicles are located without overlaps. A
particle repulsion heuristic is used between overlapping vehicles to ensure that a feasible conﬁguration is generated.
For high concentrations, however, a feasible microscopic structure may not be found within a reasonable amount
of time. In these cases, the heuristic is terminated prematurely, and the pore space distribution adjusted to reﬂect
unplaced vehicles. Given a microscopic structure of traﬃc, pores can be measured in several ways. The method of
measurement impacts the pore space distribution and model results. In this paper, a constrained Delaunay triangu-
lation approach is taken. The central idea is that pores are deﬁned between vehicle boundaries. Triangulation edges
are considered to be single pores and their length considered to be the pore width. The integrals in the speed-density
relation can then be approximated by the expectation over m simulation runs.
r(v)∫
0
fp(rp, x, t)drp =
1
m
m∑
i=1
r(v)∫
0
fˆ ip(rp, x, t)drp (14)
Figure 3 shows the microscopic structure of traﬃc with two vehicle classes, cars (indexed by c) and scooters
(indexed by s) along with the triangulation results for ﬁve simulation runs. The resulting pore space distribution for
these conﬁgurations is plotted in Figure 4.
4.2. Solution Scheme
A ﬁnite diﬀerence approximation scheme to solve the set of partial diﬀerential equations in Equation 4 is shown.
These numerical schemes have been presented in greater detail elsewhere [23, 24, 12, 15], therefore only the key
concepts pertaining to the current application are discussed.
The basic idea of a ﬁnite diﬀerence computational scheme is as follows. The continuous spatial and temporal
problem dimensions are discretized. The partial diﬀerential equations are then replaced by ﬁnite diﬀerences. In doing
this, the state variables k, q, and u are assumed to be constant for the extent of the ﬁnite element, i.e. spatially
homogeneous and temporally invariant. The algorithm proceeds by computing the state variables for each ﬁnite
element based on the values of spatio-temporally adjacent elements. Direct application of existing methods [23], is
precluded by the heterogeneity of the traﬃc stream, since the state variables for each class depend on every other class
through the equilibrium speed-density relationship. The aim of the proposed computational scheme is to decompose
the problem so that the state variables for each class can be computed relatively independently. To achieve this
decomposition, the Incremental Transfers (IT) principle proposed by Daganzo [9] is adapted to determine the supply
side of the conservation equation. This aspect is discussed later in the section. With this decomposition, the algorithm
computes transfer of vehicles from an upstream cell to the downstream cell respecting the continuity equation. The
new densities for each vehicle class are used to simulate the pore space distribution. The pore space distribution yields
the equilibrium speeds for each vehicle class. The ﬂow variables are then updated using the fundamental identity. The
key implementation steps are in computing the vehicle transfers between two cells.
Denote Δx and Δt to be elements that represent discrete space and time (see Figure 5). Note that Δx represents an
area, since areal density measures are being used. Additionally, the magnitude of Δx and Δt should be chosen such
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(a) kc = 0.005 v/m2, ks = 0.005 v/m2 (b) kc = 0.020 v/m2, ks = 0.005 v/m2
(c) kc = 0.005 v/m2, ks = 0.020 v/m2 (d) kc = 0.040 v/m2, ks = 0.040 v/m2
Figure 3: Disordered structure of traﬃc stream with cars (c) and scooters (s) with varying densities for ﬁve simulation runs
that only one cell transition is possible in a time step, i.e. min(Δxx,Δxy)/Δt ≥ maxv(u f (v)). Further, to avoid explicitly
modeling lateral movements between cells, Δxy is assumed to be the entire width of the roadway.
The conservation equation is considered in two parts. The demand (or the sending function) for transfer of vehicles
of class v from cell x to x + Δx during the time interval t and t + Δt is denoted by D(v, x, t). Since transfers cannot
exceed the available number of vehicles,
D(v, x, t) = min (q(v, x, t)Δt, k(v, x, t)Δx) . (15)
The supply (or receiving function) limits the vehicle transfer based on available space downstream. Denote a(v) to be
the area taken up by a single vehicle of class v. The available area downstream AD is given by
AD = Δx − Δx
n∑
v=1
a(v)k(v, x + Δx, t). (16)
The constituent classes compete for this space. This space is characterized by a pore space distribution. Using the
size exclusion principle, i.e. the critical pore size of a class r(v) must be less than the pore space, a particular pore
size will admit only a subset of vehicles. On one hand, pores that accommodate the smallest vehicle class can be used
exclusively by that class, while at the other end, the largest pores are accessible to all classes. Pore sizes in between
these two ends can admit a mixture of vehicle classes. This is the multi-dimensional equivalent of the incremental
transfer principle of Daganzo et al. [9]. Instead of priority and regular lanes, the upstream cell represents multiple
reservoirs as shown in Figure 6. The vehicle classes are ordered by critical pore size r(v). The area of the upstream
cell allocated to each class v is denoted by A(v) and needs to be determined.
The reservoir analogy shows the possible allocations of vehicle classes to pores. For light traﬃc conditions, when
pores for each vehicle class are adequate, the system can be construed as operating as an n-pipe regime. In con-
gested conditions, each reservoir (except the one associated with the smallest vehicle class) receives a mixture of
vehicle classes. Since there is no analogous Wardrop-type speed equilibrium, the congested regime for heterogeneous
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(a) kc = 0.005 v/m2, ks = 0.005 v/m2
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(d) kc = 0.040 v/m2, ks = 0.040 v/m2
Figure 4: Cumulative pore space distribution for various densities and ﬁve simulation runs
Figure 5: Discretization
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Figure 6: Reservoir analogy (adapted from [9])
traﬃc cannot be viewed as a 1-pipe regime as in [9]. Derivation of the incremental transfer principle for the multi-
dimensional case is tedious, since the vehicle transfers need to consider all combinations of sending and receiving
functions. A simpler method to implement for a large number of vehicle classes would be to follow an equal appor-
tionment rule. To show the applicability of the incremental transfer principle, the remainder of the paper is restricted
to two vehicle classes cars: (c) and scooters (s). This entails a loss of generality, but serves to ease exposition and
demonstrate key ideas.
The available downstream road space AD has to be partitioned between the two competing classes of cars and
scooters. Let
γs =
r(vc)∫
r(vs)
fp(rp, x + Δx, t)drp
denote the fraction of pores that can exclusively accommodate scooters, and
γc =
∞∫
r(vc)
fp(rp, x + Δx, t)drp
denote the maximum fraction of space that cars can claim. Figure 7 shows how the sending functions, shown by
black dots, relate to the receiving functions, denoted by the x-y axis for scooters and cars, respectively. There are
four distinct cases that occur. If the demand for both vehicle classes is less than the available capacity (Case 1), then
the ﬂux is determined by the sending function with each vehicle class utilizing its exclusive pores. When demand
for scooters is greater than what is exclusively available for scooters, then the excess ﬂux has to be accommodated in
pores that can host cars. If demand for cars is limited, such that the overall pores can be allocated, then we get Case
2, where the ﬂux is determined by the sending function. If, on the other hand, the demand from cars and scooters
exceeds the available downstream capacity, then the ﬂux is determined by the receiving function denoted by Case
4. If car demand is greater than the available fraction of area, then the ﬂux for cars is constrained by the receiving
function, resulting in Case 3. For brevity, denote D(vs) and and D(vc) as the demand upstream for scooters and cars,
respectively, from Eq. (15).
The four cases depicted in Figure 7 can be summarized as
Case1 : D(vs) ≤ γsAD/a(vs) and D(vc) ≤ γcAD/a(vc)
Case2 : D(vs) > γsAD/a(vs) and D(vs)a(vs) + D(vc)a(vc) ≤ (γc + γs)AD
Case3 : D(vs) ≤ γsAD/a(vs) and D(vc) > γcAD/a(vc)
Case4 : D(vs) > γsAD/a(vs) and D(vs)a(vs) + D(vc)a(vc) > (γc + γs)AD.
The resulting supply for each of these cases can be expressed as shown in Figure 7. For cases 1 and 3, the supply
function S (v) can be written as
S (vs) =
γsAD
a(vs)
and S (vc) =
γcAD
a(vc)
. (17)
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Figure 7: Status box diagram (adapted from [9])
For case 2, the supply function is simply equal to the demand function, since all classes can be accommodated. Case
4 represents a situation where both classes have limited supply. In this case we revert to the fractional allocation of the
incremental transfer principle. However, a fraction of scooters can be exclusively allocated in pores that cars cannot
compete for. Thus, the demand for scooters is D(vs)a(vs) − γsAD, while the demand for cars is D(vc)a(vc). The total
space that can be allocated is γcAD. Under an equal fraction allocation, for Case 4 we get
S (vs) =
(
D(vs)a(vs) − γsAD
D(vs)a(vs) + D(vc)a(vc) − γsAD
)
γcAD
a(vs)
, (18)
S (vc) =
(
D(vc)a(vc)
D(vs)a(vs) + D(vc)a(vc) − γsAD
)
γcAD
a(vc)
. (19)
The total transfer of vehicles of each class v from x to x + Δx, denoted by Q(v, x, t), is given by
Q(v, x, t) = min (D(x, v, t), S (v, x + Δx, t)) . (20)
Once the vehicle transfers are computed for all cells and classes, the densities for the next time step can be updated in
the standard method as
k(v, x, t + Δt) = k(v, x, t) +
1
Δx
[Q(v, x − Δx, t) − Q(v, x, t)] . (21)
The algorithm proceeds by using the updated densities to simulate the pore space distribution, which in turn yields
the equilibrium speeds. This procedure along with the pore space generation simulation is implemented in MATLAB
and results are presented next.
5. Analysis
Consider a vehicle stream with two constituent vehicle classes, cars and scooters. The proposed speed-density
relationship for various areal density values is computed using 10 simulation runs of microscopic conﬁguration of
traﬃc for each ﬁnite element. The results are plotted in Figure 8. The plots show the multidimensional nature of the
multiclass speed-density relationship.
For a 3 kilometer roadway with a width of 10 meters, two loading proﬁles are tested to show the evolution of
traﬃc under the presented regime. Using the approximate ﬁnite diﬀerence numerical procedure, the state variables
are computed for a period of 5 minutes. The loading proﬁles are graphically summarized in Figure 9. The normal
proﬁle includes a constant inﬂow of cars for the ﬁrst two-thirds of the time period and a constant inﬂow of scooters
for the middle third of the period. For the queuing proﬁle, the same inﬂow patterns of cars and scooters are used with
the addition of a blockage from time period 50 lasting 200 seconds due to an incident. The capacity of the roadway
for this period is reduced to zero.
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Figure 8: Equilibrium speed-density relationships for traﬃc stream with two classes
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Figure 9: Two loading proﬁles tested
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5.1. Traﬃc Evolution
Figure 10 graphically summarizes the evolution of traﬃc under the normal loading proﬁle. The discontinuities in
speed proﬁle are due to the use of simulation of microscopic structure. A greater number of simulations could serve to
smooth the speed proﬁle, but can be computationally expensive, since each microscopic simulation must be performed
at each ﬁnite space-time element. To understand the interplay of vehicle classes the vehicle densities along the entire
stretch of roadway are plotted for selected time periods. Figure 11 shows the movement of cars and scooters. The
density wave of scooters is marginally faster than cars, since the overall vehicle concentration is high and scooters
have a lower critical pore size.
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Figure 10: Evolution of traﬃc under normal loading proﬁle
5.2. Heterogeneous Queues
The interaction of diﬀerent vehicle classes is most perceptible in queues. Smaller vehicles (scooters in this in-
stance) use their maneuverability to move up through the queue. As a result, smaller vehicles populate the front of the
queue. To model the queue formation and discharge along the highway, a blockage is temporarily simulated and then
removed (see Figure 9). The resulting traﬃc density and speeds are plotted in Figure 12.
The queue density for selected time slices is shown in Figure 13. The queue build up and discharge mirrors
observed behavior in disordered systems, where smaller vehicles percolate to the front of the queue and experience
queue discharge before larger vehicles. The blockage starts at t = 50 and the queue formation commences. By
exploiting their size, scooters are able to move ahead of the queue or larger vehicles. The subsequent time slices at
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Figure 11: Evolution of density along three kilometer roadway
t = 150, 200, and 250 show the queuing behavior where smaller vehicles progress up the queue. Once the blockage
is removed at t = 250, smaller scooters are being discharged ﬁrst since their critical pore size is low. The rear of
the queue still oﬀers pores for scooters to percolate through and the reduction in the scooter density at the rear of the
queue can be noted.
6. Summary and Discussion
A model for heterogeneous traﬃc ﬂow without lane discipline is developed on the basis of an analogy, ﬁrst
introduced in this paper, of ﬂuid ﬂow through a porous medium. The model addresses the highly heterogeneous nature
of traﬃc and the lack of lane discipline observed in many cities of the developing world. The main insight of the paper
lies in developing a equilibrium speed-density relation for such systems by considering a pore space distribution. This
distribution maps a set of incommensurate density measures to a single distribution function. Using a size exclusion
principle, vehicle class-speciﬁc state variables are modeled. This approach alleviates the shortcomings of applying
classical methods to deal with heterogeneous traﬃc streams in this disordered context. If the pore space distribution
can be analytically characterized, modiﬁed speed-density relations can be derived, as shown for two tractable simple
cases. An approximate ﬁnite diﬀerence scheme is used to solve the resulting set of simultaneous partial diﬀerential
equations, and the pore space distribution is determined by simulating the microscopic conﬁguration of vehicles. The
evolution of traﬃc under two scenarios is shown for a long stretch of highway for a traﬃc stream with two vehicle
classes. Inter-vehicle class dynamics are highlighted especially in heterogeneous queues, where the class of smaller
vehicles moves to the front of the queue. This eﬀect, termed ‘creeping’, has not been studied previously. Such
behavior has impacts on queue formation and discharge characteristics for disordered traﬃc systems.
This paper should be viewed as a ﬁrst step towards a more complete theory of traﬃc ﬂow in disordered systems.
While continuummodels have known limitations with respect to lane-based systems [25, 22], their intuitive conceptual
basis, simple analytical form, and ease of implementation are attractive as a starting point to describe disordered
systems. However, several important dimensions of the problem remain to be explored. The most important dimension
pertains to the evolution of the pore size distribution. The model presented in this paper can be readily computed
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Figure 12: Evolution of traﬃc under queuing proﬁle
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Figure 13: Density patterns along entire roadway showing queue formation and dissipation
when the pore size distribution can be expected to remain stationary, possibly in uninterrupted or limited-interruption
ﬂow situations. However, the stationarity assumption is not likely to hold at approaches to signalized junctions and
other similarly disrupted arterials. Ideally, a more complete model speciﬁcation would include an explicit analytical
mechanism for the temporal evolution of the pore size distribution, not unlike that governing the speed distribution in
Boltzmann-like kinetic models. However, these have been notoriously diﬃcult to specify and verify observationally,
and are likely to be even more so in connection with the pore size distribution.
Several other features of the model could be the subject of more immediate extensions of this research, including:
(a) Alternate forms for the equilibrium speed-density equation: While the pore space distribution is explored as a
means to quantify available vacant spaces, alternate characterizations of empty roadway space might yield simpler
expressions. For example, the speed of particular vehicle classes could be expressed as a function of empty roadway
area, or the accessibility of available road spaces could be computed probabilistically. (b) Critical pore size: In this
work, the critical pore r(v) is considered to be constant for a given vehicle class. The critical pore size is conceptually
similar to the critical gap in the gap acceptance literature. Like the critical gap, the critical pore is also distributed
across the population of drivers in the vehicle stream. Risky drivers may have smaller critical pores. The critical
pore may also be viewed as a function of speed, since drivers allow for larger margins of safety when traveling at
higher speed. The proposed framework would need to be revised to incorporate such an extension. (c) Pore space
distribution formation: Given a heterogeneous traﬃc stream with known composition, the problem is to characterize
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the most likely distribution of empty space sizes. In this paper, a simulation approach is used. Alternative methods
to generate this distribution might include analytical approximations or procedures based on observed conﬁgurations.
(d) Empirical observation: Detailed trajectory information of disordered traﬃc streams for a wide range of densities
may be used to calibrate the proposed model. In addition, methods for the measurement of pore spaces and associated
observations on their distribution would be valuable. The availability of such data would also stimulate further eﬀorts
to model disordered systems. The importance of such systems cannot be underestimated, as they represent the daily
traﬃc reality for a vast majority of people.
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